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ABSTRACT

Westerly Wind Bursts (WWBs) are key external disturbances in event-scale ENSO evolution,
yet their timing-dependent effects lack a unified theoretical explanation. Using the recharge—
discharge oscillator framework of Jin (1997), we idealize a finite-duration WWB as a pulse
forcing and derive analytical solutions for the resulting ENSO response. The solutions show that
WWB impacts are strongly modulated by the seasonal background growth rate associated with the
Bjerknes feedback, producing a “WWB Spring Barrier” and a summer—autumn amplification
window. Mechanistically, the total response decomposes into two components: a same-frequency
direct response governed by the intrinsic ENSO frequency, and a seasonally modulated adjustment
response delayed by several months, arising from the convolution of thermocline adjustment with
the seasonal growth rate. The direct term does not exhibit a spring barrier, whereas the adjustment
term shows pronounced seasonal suppression. Parameter sensitivity analyses indicate that the
initial phase of the background growth rate determines the season of ENSO phase locking. In
addition, WWB-induced responses over short horizons (1-3 months) are nearly independent of the
intrinsic ENSO frequency. These results provide concise and testable diagnostics for identifying
when WWBs are most effective and link seasonal phase locking and the spring predictability

barrier to event-scale external forcing within a unified theoretical framework.

Keywords: ENSO; Westerly Wind Bursts; Spring Barrier; seasonal growth rate; analytical

solution; adjustment response
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1. Introduction

El Nifio—Southern Oscillation (ENSO) is one of the most important interannual climate
oscillations with far-reaching impacts on the global climate system (McPhaden et al. 2020). Its
occurrence and evolution affect agriculture (Henson et al. 2017), ecosystems (Lehodey et al.
2020), public health (Heaney et al. 2019), and socioeconomic activities (Hsiang et al. 2011),
making ENSO prediction a central topic in climate dynamics (Yang et al. 2018). Despite
significant progress in extending ENSO forecast lead time using coupled numerical models,
statistical approaches, and more recently, data-driven techniques (Ham et al., 2019; Hu et al.,
2021; Petrova et al., 2020; Ren et al., 2018, 2019; Saha et al., 2014; Wang et al., 2020; Zebiak &
Cane, 1987), ENSO prediction remains constrained by initial-condition uncertainty, nonlinear
coupling, and changes in the background state (Ehsan et al. 2024; Jin et al. 2008; Santoso et al.
2019; Zhang et al. 2021; Zheng et al. 2022). The Spring Predictability Barrier (SPB) is particularly
prominent: regardless of whether forecasts are initialized before or after spring, model skill
typically degrades during boreal spring (April-June) (Ham et al. 2019; Hu et al. 2021; Luo et al.
2008). Observations—including tropical Pacific sea-surface temperature (SST) (McPhaden 2003;
Ren et al. 2016), sea-level pressure (Webster and Yang 1992), and precipitation (Wright 1979)—
likewise show a rapid decay of autocorrelation during this season. In this work, we refer to
seasons by the boreal convention: winter (December—February), spring (March—May), summer

(June—August), and autumn (September—November).

The SPB is an intrinsic feature produced by the annual cycle of the tropical Pacific
background state, which modulates ENSO’s intrinsic growth rate (Jin et al. 2019). The
background state exhibits a rapid warming during spring and a rapid cooling during summer (Fig.
l1a), thereby imprinting a clear seasonality on the ENSO growth rate (Moore and Kleeman 1996;
Stein et al. 2010; Thompson and Battisti 2001; Webster and Yang 1992), which is quantified in
Fig. 1b. During summer—autumn, the Bjerknes positive feedback is the strongest, enhancing air—
sea coupling so that ENSO oscillations can be self-sustained and amplified. As winter sets in,
thermodynamic damping in the surface ocean intensifies, while the efficiency of wind—SST
coupling weakens; together they diminish or even offset the Bjerknes feedback, leading to a
gradual decline in the system’s effective gain (Jin et al. 2019; Levine and McPhaden 2015; Liu et
al. 2019). During this period, ENSO’s self-amplification capacity is weakest, anomalies struggle
to accumulate and persist across spring, and the autocorrelation coefficient (ACC) of SST

anomaly (SSTA) drops sharply when crossing boreal spring (Fig. 1c).
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FIG. 1. Seasonal variations of the SSTA (units: °C) and the background growth rate (units: month™) in the
tropical Pacific, as well as the ACC of SSTA. (a) Monthly deviations of SSTA in Nifio-3 (blue) and Nifio-3.4
(black) regions. Annual mean value (1982-2024) is removed. (b) Seasonal cycle of growth rate. Dots indicate
the growth rates obtained from observations, following the method of Jin and Liu (2021). Curve represents a
regression fit. Blue (black) is for Nifio-3 (Nifio-3.4) region. Red curve is for the mean of Nifio-3 and Nifio-3.4
region. The fitted red curve R(t) = Ry — R; sin(w;t + @), with R, = 0.0007 month™%, R, =
0.19 month™, ¢ =2 rad and w, = (j—’z’) month~2. (c) Persistence map for Nifio-3 SSTA during 1982-2024,

illustrating the Spring Predictability Barrier (SPB). Black dots mark the lag months of maximum autocorrelation
decline for different initial months. These results are based on Extended Reconstructed SST Version 6 (Huang et
al. 2025). Similar results can be obtained using the Hadley Centre Global Sea Ice and SST dataset (Rayner et al.
2003) or NOAA Optimum Interpolation SST version 2 (Huang et al., 2021).

ENSO occurrence and intensity are also markedly influenced by episodic westerly wind
bursts (WWBs), a high-frequency disturbance whose time scales are much shorter than a season
(Harrison and Giese 1991; Harrison and Vecchi 1997; Seiki and Takayabu 2007). WWBs
typically last from several days to a few weeks, and can excite eastward-propagating downwelling
Kelvin waves that alter the thermocline structure, thereby affecting both local and remote SST and
heat content in the tropical Pacific (Drushka et al. 2015; Lengaigne et al. 2002; McPhaden et al.
1988; McPhaden and Yu 1999). Observations and numerical simulations indicate that when the
tropical Pacific warm pool expands eastward or the sea surface is relatively warm, the probability
and intensity of WWBs increase—especially during extreme El Nifio events (e.g., 1982/83,
1997/98, 2015/16; Fig. 2)—exhibiting a strong state-dependent character (Fedorov et al. 2015;
Gebbie et al. 2007; Hu and Fedorov 2019; Lian and Chen 2021; Puy et al. 2019; Yu and Fedorov
2022). Thus, WWBs act both as high-frequency stochastic forcing within ENSO dynamics and,
under favorable background conditions, can be amplified via the Bjerknes positive feedback to

participate in ENSO’s low-frequency evolution (Eisenman et al. 2005; Ji et al. 2023).
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FIG. 2. Observed Nifio-3 SSTA (black; °C) and equatorial wind-stress anomalies (shading; dyn cm™)
during canonical strong El Nifio events. Wind-stress anomalies are zonally averaged over 120°-180°E and
meridionally averaged over 5°S—5°N; orange (blue) shading denotes westerly (easterly) anomalies, with darker
tones indicating WWB (EWB). The gray band marks Dec. 1-May 31 period. (a) 1982-1983; (b) 1997-1998; (c)
2014-2015. This figure serves as observational motivation—that summer—autumn WWBs tend to align with

accelerated warming whereas spring effects are weaker.

There has long been debate on how the WWB timing relates to ENSO development. One line
of research—based on case studies and ensemble sensitivity experiments—argues that WWBs in
the early spring, such as the March 1997 event (Fig. 2b), can provide the initiating conditions for
extreme El Niflo events; the mechanism is that Kelvin waves triggered in spring can reach the
eastern Pacific by early summer, laying the groundwork for rapid warming (Chen et al. 2015;
Chiodi and Harrison 2017; Lengaigne et al. 2002, 2004; Lian and Chen 2021; Menkes et al. 2014).
Conversely, another line of research contends that summer—autumn WWBs (Figs. 2a, c) are more
likely to couple with the seasonally sensitive window and, via the local Bjerknes feedback, can
efficiently propel ENSO toward its mature phase (Hu and Fedorov 2019; Puy et al. 2019; Yu and
Fedorov 2020, 2022). In addition, some studies emphasize the conditional nature of the timing
effect: whether a WWB influences subsequent ENSO development depends on the
contemporaneous background conditions (e.g., thermocline depth, warm-water volume, and the
position of the warm pool) (Drushka et al., 2015; Eisenman et al., 2005; Gebbie et al., 2007; Puy

et al., 2016). In sum, because the SST response to a WWB depends not only on the characteristics
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of the event itself but also on the background state, observations and numerical models often

struggle to isolate the WWB “timing effect.”

To date, there is no unified fundamental understanding of how WWB timing influences
ENSO. WWBs and ENSO do not stand in a deterministic causal relation—W WBs are neither
necessary nor sufficient for ENSO to occur—yet they are dynamically important and cannot be
ignored. The SPB framework offers a physical clue to WWB “timing sensitivity”: because the
seasonal growth rate of the tropical Pacific coupled system is lowest in boreal spring (Fig. 1b), a
WWB—as an external forcing—should also induce the weakest SSTA during spring. Put
differently, does the oceanic response to WWBs exhibit a “Spring Barrier,” such that only WWBs
occurring after spring can exert a marked influence on SST development in the central-eastern

Pacific? These are the questions this study seeks to answer.

A common feature in Fig. 2 is that WWBs are denser and more persistent in summer—autumn
and co-seasonal with accelerated warming, whereas the sustained effect of a single early-spring
WWRB is comparatively limited. This motivates our analytical treatment of the “WWB timing
effect” within the recharge—discharge framework. We develop a conceptual model in which a
single WWB is idealized as a finite-duration pulse forcing on SST. We deliver (i) closed-form
solutions for a single WWB, (ii) a physical partition of the total response into a same-frequency
direct term (phase organizer) and a delayed adjustment term (amplitude controller), and (iii)
testable diagnostics identifying when WWBs are most effective, including the vanishing of timing
effects under constant growth. We propose the concept of a “WWB Spring Barrier”: all else being
equal, WWBs that occur in boreal spring experience a systematic reduction in amplification
because the background growth rate is lower, yielding a spring—barrier-like weakening of impact;

by contrast, WWBs in summer—autumn are more likely to promote ENSO growth.

This paper is organized as follows. Section 2 describes the conceptual model, methods, and
data. Section 3 analyzes how WWBs affect ENSO development and elucidates the underlying
mechanisms using both analytical and numerical solutions. Section 4 concludes with a summary

and discussion. Detailed derivations of analytical solutions are provided in Appendices A and B.



147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

WWB_SPB ENSO_P1 20260328.docx, Hu et al., 3/28/2026 7

2. Model, method and data
2.1. Conceptual Model

The model builds upon the recharge-discharge oscillator framework (Jin, 1997; Stein et al.,
2014) with one key modification: instead of representing high-frequency wind variability as a
stochastic forcing, we explicitly prescribe a finite-duration, sudden perturbation F (t) mimicking
an individual intense wind burst that act directly on the equatorial Pacific. F(t) > 0 represents

WWRB, while F(t) < 0 represent easterly wind burst (EWB). The equations are written as:

L~ RMOT + woh + F(2)

ah (1)
N &

dt

where T is SSTA in the eastern equatorial Pacific and w), is the frequency of ENSO; R(t) = R, —
Ry sin( w,t + @) is the seasonally varying growth rate with annual frequency w; = i—z month™,

which contributes to the phase locking of ENSO variance (Chen and Jin 2020) and SPB (Levine
and McPhaden 2015); h is a proxy for thermocline depth anomalies in the zonal mean (120°-
280°E) equatorial Pacific expressed in temperature units; it effectively represents anomalies of the

upper-ocean heat capacity (Meinen and McPhaden 2000). To convert h to a depth perturbation z,

h can be multiplied by a scaling factor :—;’ (m°C), ie., z = :—;’ h, where H, and T, are roughly 200

m and 25°C, representing the mean thermocline depth in the zonal mean equatorial Pacific and the

depth-weighted mean temperature above the thermocline, respectively.

Figure 3 shows the numerically obtained time-series of SSTA, thermocline depth and the

ACC of SSTA, based on Eq. (1) with F(t) = 0. Weset R, =0, R; = 0.19 month ! and ¢ =

i—’zr rad, w,, w, = i—g, i—: month™?, respectively. The theoretical model clearly reproduces the

SSTA SPB (Fig. 3b), consistent with observations (Fig. 1¢) and as analyzed in detail by Jin and
Liu (2021). In what follows, we use the SSTA series in Fig. 3a as the background state for the
WWRB experiments.
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FIG. 3. Numerical solution of Eq. (1) without external forcing. (a) Nifio-3 SSTA (red curve) and
thermocline depth anomaly (blue curve) in the equatorial Pacific; (b) the SSTA ACC similar to Fig. 1c.

2n 2w

=, == month~1. Initial
48’ 12

Parameters used here are Ry = 0,R; = 0.19 month™! and ¢ = i—z rad, wgy, wy =

conditions are T(t = 0) = 0 and h(t = 0) = 1. 100 ensemble experiments are done with the initial h(t = 0) €

[0.9,1.1], denoted by grey shadow in (a), where the thick curves are for ensemble mean.

The external perturbation F(t) is given by a finite rectangular pulse
F(t)=F, -M(t), M(t)=H(t—ty)- H(ty+At—1t) )
where,

0, t<t 0, t>t,+At
H(t_t‘)):{l tZt(:)’ H(t°+At_t):{1 tSt(:)+At

are the Heaviside step function, F;, the pulse amplitude (units: °C/month), t,, the onset timing, and
At the duration. In this paper WWBs are treated as purely exogenous, weather-scale disturbances
whose occurrence and amplitude are independent of the ENSO state. Each event is implemented

directly as the deterministic rectangular pulse defined above.

Our analysis targets the conditional timing effect—how SST responses differ by WWB
timing given that a WWB occurs. Although WWB generation may be random, semi-stochastic or
state-dependent (Alam et al. 2023; Alam and Tang 2021; Fedorov and Hu 2016; Gebbie et al.
2007; Hu and Fedorov 2019; Lian and Chen 2021; Liu et al. 2025; Puy et al. 2015, 2016, 2019;
Seiki and Takayabu 2007; Tan et al. 2020), our conclusions apply at the event level conditional on
occurrence: once a WWB happens, the seasonal background growth rate governs the ensuing

amplification or decay.
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All numerical simulations are conducted with a time step of 4 hours, a disturbance duration
At = 15 days, and a disturbance intensity F, = 1°C/month. We see that in Fig. 2 a fairly strong
WWB (e.g., ~0.5 dyn cm™) persisting for 15-30 days aligns with the Nifio-3 SST rise by roughly
1.0°C. This is an upper-bound scaling. Without asserting causality—and under a “most-favorable”
assumption that a given WWB is the sole driver, we think F; = 1°C/month is a reasonable value

representing the maximum SST change that a month-long WWB could produce.

2.2. Definition of perturbation response

The perturbed solution of the system is denoted by (T, h), while the unperturbed solution
(with F(t) = 0) is denoted by (T, h). A short disturbance occurs at time t, and lasts for a duration
At. The ending time of the disturbance is set as t; (= t, + At). The instantaneous response of the

system is defined as the immediate difference at the end of the disturbance:

AT(ty) = T(t) — T(t,), Ah(ty) = h(ty) — h(ty) (3)

To quantify the system's response over a finite period t, following the disturbance, we define
the adjustment or delayed response as the difference between the perturbed and unperturbed

solutions:

AT(t; +t,) = T(t; + t,) = T(ty + t,), Ah(ty +t,) = h(t; +t,) — h(t; + t,) 4)

2.3. Observational data for ENSO and WWB identification

Three observed SST datasets are used in Figs. 1-2: (1) Extended Reconstructed SST Version
6 (ERSSTv6) (Huang et al. 2025) — monthly SST at 2° x 2° resolution. (2) Hadley Centre Global
Sea Ice and SST dataset (HadISST) (Rayner et al. 2003) — monthly SST at 1° x 1° resolution. (3)
NOAA Optimum Interpolation SST version 2 (OISSTv2) (Huang et al., 2021) — High-resolution
daily SST at 0.25° x 0.25° resolution. For each dataset, SST anomalies are computed by removing
the climatological annual cycle (monthly climatology for monthly datasets; daily climatology for
daily datasets) over the base period 1982—2011. The Nifio indices are defined as the area-mean
SST anomaly over the standard equatorial region (5°S—5°N): Nifio-3 (150°W—-90°W) and Nifio-
3.4 (170°W-120°W).
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To identify WWB event in Fig. 2, we use daily 10-m wind fields from the ERAS reanalysis
dataset provided by the European Centre for Medium-Range Weather Forecasts (ECMWF)
(Hersbach et al. 2020), with a spatial resolution of 0.25°%0.25°. Daily zonal and meridional winds

(u and v, respectively) are converted to zonal surface wind stress using a bulk formula:
Ty = paCpVu? + v2u (5)

where p, (air density) and Cp, (drag coefficient) are taken as 1.25 kg m > and 1.3x1073,
respectively. Wind stress anomalies are obtained by subtracting the daily climatology (base period

1995-2005) so that the resulting indices reflect departures from the seasonal cycle.

We define a zonal wind-stress indeX, T,_inqex, DY averaging zonal wind stress anomalies
over the equatorial Pacific region from 120°E-180°E and 5°S-5°N. This index contains both intra-
seasonal and interannual variability. To distinguish WWBs and EWBs, we construct two variants
of the index by, prior to averaging, retaining only positive (for WWBs) or only negative (for

EWBs) wind-stress anomaly values within the domain.

WWBs or EWBs are detected when both of the following criteria are satisfied (Fig. 2): (i) the
magnitude of T,_;, 4., €Xceeds 1.5 times the mean standard deviation of the index, (ii) the
anomaly persists for at least 5 consecutive days. This thresholding and duration criterion identifies
events that are both strong and sustained. Our approach to defining anomalies relative to the

annual cycle follows previous studies (Hu and Fedorov 2016; Yu and Fedorov 2020).

3. Analytical solution vs. numerical result
3.1. Instantaneous response

In this section, we derive an analytical solution for the instantaneous response to quantify the
immediate Nifio-3 SST impact of WWBs occurring at different times of the year. Because the
observed mean growth rate R, = 0.0007 month™? is extremely small, we set R, = 0 for

simplicity, so that the background growth rate is represented as a purely annual-cycle form, i.e.,
R(t) = —R;y sin( w4t + @) (6)
Here, ¢ is the initial phase of the annual cycle, defined relative to 1 January. From observations,

R, w; and ¢ are estimated to be 0.19 month™?, i—z month~! and g, respectively (Fig. 1).
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For a short-duration WWB pulse forcing with amplitude F, and duration At (Eq. 2), a
perturbation approach (An and Jin 2011; Chen and Jin 2020) yields an analytical solution for the

instantaneous response (see Appendix A for details):

F, R F
AT (ty + At) = w—osin(wOAt) + 22)0 [Asin(Q,At + ®) — B sin(Q,At + @)
0 0
: Q Q, .
—(A — B) sin(®) cos(wyAt) — (—A — —B) cos(®) sin(wyAt)] (7)
Wo Wo
— _ _ _ _ w1—Wgo _ wi1+wWo
where, ), = w; — Wy, Ly =W + Wy, P=wityp+¢, A= w0’ B T it

Assuming the WWB duration satisfies At < 1/w4, Eq. (7) can be Taylor-expanded for small
At, yielding the simplified solution:

AT (to + At) ~ FyAt - (1 + %R(tO)At) (8)

Correspondingly, the instantaneous response of the tropical Pacific thermocline depth

anomaly is given by:
2 (1,1
Ah(to + At) ~ —FowoAt? - (3 + TR (to)At) (9)

Eq. (8) has a much clearer and simpler physical interpretation than Eq. (7). It shows that the
instantaneous SST response to a short WWB consists of two main contributions. The first term on

the right-hand side, F,At, is the linear response to the forcing and increases linearly with the
duration. The second term, %FOR (to)At?, represents the modulation of the instantaneous response

by the seasonal cycle of the coupled system; its magnitude is entirely controlled by the
background growth rate R(t,) at the WWB timing. Observations indicate that R reaches a
minimum in March and a maximum in September (Fig. 1b). Therefore, the instantaneous warming
induced by spring WWBs is weakest, whereas that induced by autumn WWBs is strongest. In
other words, WWB impacts on ENSO development may also exhibit a spring barrier.

Figure 4 illustrates the instantaneous SST response to WWBSs. First, the numerical solution of
Eq. (1) (solid) is almost indistinguishable from the analytical solution of Eq. (7) (Fig. 4b, dotted),
indicating that the analytical solution accurately captures the WWB-induced instantaneous
response. Second, the simplified analytical solution from Eq. (8) (dashed) agrees closely with Eq.

(7), demonstrating that Eq. (8) retains the essential mechanism: the instantaneous response
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amplitude is set by the contemporaneous background growth rate R(t,), yielding a “weakest in
spring, strongest in autumn” seasonal phase that matches R(t) (gray shading in Fig. 4b). At this
short time scale, the negative thermocline feedback has not yet had time to act. In Fig. 4a, each
tick marks a WWB timing, with tick length indicating the response magnitude; downward ticks
denote EWBs. Importantly, the “spring-minimum, autumn-maximum’” seasonality of the
instantaneous response is independent of the SST state on January 1 (i.e., independent of the

ENSO initial phase).

WWB timing ¢,
1.2 3 4 5 6 7 8 9 10 11 12
3 . . . . . . . 053 03
(a) (b)
24 - 0.52
1 F 0.51 ﬁl%
o ) £
<o < 0s £
3 5 g
(2] 17} g
-9 r 0494 5
O]
-2 r 0.48
-3 T T T T T T T 0.47 0.3
0 0.5 1 1.5 2 25 3 35 4 1.2 3 4 5 6 7 8 9 10 11 12
Time (years) Calendar month

FIG. 4. Instantaneous SST response (units: °C) to the WWB. (a) Niflo-3 SSTA evolution in a 4-year time
frame in undisturbed control run. The tick shows the WWB timing and each tick corresponds to a disturbed run.
(b) Changes of SSTA (red) with the WWB timing and the background growth rate R(t) (grey shadow, units:
month™). Solid, dotted and dashed curves represent the numerical, analytical and simplified analytical results,
respectively. Forcing parameters are F, = 1°C/month, At = 0.5 month. Other parameters used here are same as

those in Fig. 3.

Two observational facts are relevant here: (i) |[R(t)| < 0.5/month (Fig. 1b), and (ii) a single
WWRB typically has a duration At < 1 month (Fig. 2). Together, these conditions ensure that the

factor 1 + %R(tO)At > 0 in Eq. (8). This yields a directional result: regardless of the phase of

tropical SST evolution, the instantaneous response to an individual WWB is always positive, i.e.,
it increases Nifio-3 SSTA and thus favors El Nifio development. The difference lies only in the
magnitude, which depends on timing—smallest in spring and largest in autumn. Put differently,
the instantaneous response is the “immediate push” that a WWB gives to the system toward the
warm state; how effective that push depends on whether the system at that time is in an

“amplifying” regime (R(t,) > 0 and large) or a “braking-dominated” regime (R(t,) < 0).



298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

WWB_SPB ENSO_P1 20260328.docx, Hu et al., 3/28/2026 13

These conclusions have a mirror symmetry for EWBs. Under the same R (t) and At,
reversing the sign of the forcing (i.e., replacing the positive WWB pulse by a negative EWB
pulse) leads to an instantaneous response that is always negative: an EWB reduces Nifio-3 SSTA
regardless of the ENSO phase. The seasonal dependence is likewise preserved, with the weakest
cooling in spring and the strongest cooling in autumn, that is, EWBs tend to suppress El Nifio and
favor La Nifia, with their timing dependence also governed by the annual cycle of the background

growth rate.

3.2. Adjustment response

We are more concerned with the persistent impact of WWBs. Appendix B provides the
detailed derivation of the analytical solution for the adjustment response. In brief, it consists of

two components:
AT(tl + tz) = ATo(tz) + Rl ATl(tZ)
= R, cos(wot; — ) + RyM(0) cos(wyt, — 3 —y(0)) (10)

Here, R, = /CZ + C2 is constant, C; = FyAt, C, = —%FOwOAtZ, Y = atan2(C,, C,), 8 =

w1 (t; +t;) + @ is seasonal phase, M(8) and y(8) are given by Eq. (B12).

AT, (t,) and AT; (t,) are given by Egs. (B5) and (B12), respectively, in Appendix B. We
refer to them as the free same-frequency response and the seasonally modulated adjustment
response over the lag t, period following a WWB. AT (t,) arises from phase propagation at the
intrinsic ENSO frequency w, over the lag time t,: it represents the free evolution of the
instantaneous WWB-induced SST perturbation and is independent of the first-order modulation by
the background growth rate. Its amplitude R, is determined solely by the WWB strength and
duration. In contrast, AT; (t,) describes the continued evolution after the WWB under the
modulation of the seasonal growth rate via the Bjerknes feedback, and can be interpreted as a
convolution of the oceanic thermocline adjustment with the seasonal gain. Its amplitude M (6) and
phase shift y(8) depend explicitly on the seasonal phase 8, highlighting the sensitivity of the

adjustment response to WWB timing.

In the real world, how long the persistent impact of WWBs can last remains highly debated.

For simplicity, we examine SST evolution over a fixed window of t, = 12 months following a
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WWRB. Figure 5 shows the SST trajectories in a two-year framework for WWBs occurring at
different calendar months t, (January—December). Figure 5a first demonstrates that the analytical
solution (Eq. 10) agrees closely with the numerical integration: for each WWB timing, the two
curves nearly overlap, with only small amplitude differences. This indicates that Eq. (10), derived
within the recharge—discharge framework, accurately captures the coupled effects of thermocline
adjustment and the Bjerknes feedback. Regardless of WWB timing, the SSTA reaches a maximum
in late autumn to early winter (November—December), clearly reflecting ENSO’s seasonal phase
locking. In contrast, the response is strongly clamped in late spring to early summer (May—June),
consistent with a spring barrier in SST development, in agreement with previous studies (Levine
and McPhaden 2015; Liu et al. 2019; McPhaden 2003; Webster and Yang 1992; Zheng and Zhu
2010).

T
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FIG. 5. Adjustment responses of Nifio-3 SSTA (left column, units: °C) and thermocline depth anomaly in
the equatorial Pacific (right column, units: m) to the WWBs in a 2-year timeframe. The abscissa is the calendar
month starting from January 1. (a) Total SSTA response AT (t; + t,). Each solid (analytical) and dotted
(numerical integration) curve is a realization for a WWB initiated on the first day of a given month, with the
open circle denoting the WWB timing. The first WWB occurs at January 1 (first open circle from the left) and
lasts 15 days; subsequent open circles marks WWBs on the first day of each month from February 1 through
December 1. (b) Seasonally modulated component R;AT; (red); the background growth rate R(t) is shown by
the grey curve (units: month™). (c) Direct same-frequency component AT, (blue). (d)-(f) Same as (a)-(c), but for
thermocline depth anomaly. Positive (negative) value denotes deepening (shoaling) of the thermocline depth.
Vertical orange shading marks the calendar windows of peak SSTA, where R(t) = 0. Forcing parameters: Fy =

1°C/month. Other parameters are the same as in Fig. 3.
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As anticipated from Eq. (10), the phase of the total SSTA response is controlled primarily by
the seasonally modulated adjustment component. Figure 5b directly illustrates how the amplitude
of this modulated component varies with seasonal phase. During June—December, when the
seasonal growth rate is positive (R > 0), the convolution of the oceanic thermocline adjustment
with the seasonal gain leads to a pronounced accumulation, causing SSTA to reach its maximum
in late autumn to early winter. By contrast, during January—June, when the growth rate is negative
(R < 0), the same accumulation acts in the opposite sense and produces a minimum around the
late-spring to early-summer transition. Figure Sc shows that the direct (same-frequency) response
triggered by WWBs in different months has an almost identical evolution and is independent of
WWRB timing. This reflects the free propagation of the WWB-induced perturbation at the intrinsic
ENSO frequency w,, which is independent on the contemporaneous seasonal growth rate, thereby

providing an oscillatory baseline for the total response.

Figure 5b also indicates that, all else being equal, WWBs occurring after early summer are
more readily amplified through the Bjerknes feedback and can accumulate across seasons, thereby
playing a key role in driving an event toward maturity. In contrast, most winter—spring WWBs are
effectively “clamped” by the weak background growth rate in spring and therefore struggle to
produce sustained warming. This timing dependence of SST evolution on WWBs is consistent
with observations from major events such as 1982/83, 1997/98, and 2015 (Fig. 2): extreme years
are typically accompanied by frequent and/or persistent WWBs during summer—autumn, whereas
isolated early-spring WWBs alone are usually insufficient to push an event to extreme amplitude

(Hu and Fedorov 2019; Puy et al. 2019; Yu and Fedorov 2020).

The seasonal evolution of the tropical Pacific thermocline depth exhibits an approximate
quarter-cycle phase difference relative to Nifio-3 SSTA, corresponding to a lag of about 7t /2
(roughly three months). When Nifio-3 SSTA reaches a minimum in late spring and a maximum in
late autumn (Fig. 5b), the thermocline subsequently deepens in late summer and shoals in late
winter, respectively (Fig. 5e). This phase relationship is characteristic of the tropical thermocline—

SST recharge—discharge mechanism (Jin, 1997) and will not be discussed further here.

Finally, the close agreement between the analytical and numerical solutions demonstrates that
the closed-form representation of “a single intrinsic frequency plus seasonal modulation” captures
the essential physics of the WWB timing effect. The former provides the free same-frequency

baseline, while the latter represents the modulation gain driven by the seasonal growth rate. Their
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superposition yields a realistic amplitude—phase structure and seasonal phase locking of the total
response. Under the model configuration and parameters used here, if the persistent influence of a
WWRB is assumed to last up to 12 months, the WWB timing determines whether its effect can
cross the spring barrier and be amplified within the summer—autumn window. In this sense, the
result represents an event-scale manifestation of the seasonal phase locking and the SPB in ENSO

development.

It is also important to note that these characteristics of the adjustment response are
independent of the SST state on January 1 (i.e., independent of the initial ENSO phase). The
conclusions likewise exhibit mirror symmetry for EWBs: regardless of when an EWB occurs
during the SST evolution, the adjustment response always reduces SSTA, with a seasonal phase
characterized by weakest cooling in late spring—early summer and strongest cooling in late

autumn—early winter (Fig. 6).
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FIG. 6. Same as Fig. 5, but for adjustment responses to the EWBs.

If the potential influence timescale of a WWB is assumed to be small compared with the
ENSO period (taken here as 4 years), i.e., t, < 1/w,, then the trigonometric terms involving
wot, in the analytical solution can be expanded in a Taylor series with respect to t,. Under the

zeroth-order approximation, the complicated analytical solution Eq. (10) can be simplified as:

AT(t, + t,) ~ FyAt - [1 + > R(to)At + ft";l”z R(T)dr] (11)
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402 Whent, = 0, Eq. (11) reduces to Eq. (8). Under the zeroth-order approximation, the adjustment
403  response is therefore determined primarily by the cumulative effect of the background growth rate
404  R(t) over the interval t,, and is independent on the intrinsic ENSO frequency w,. It should be

405  noted that the full analytical solution derived in Appendix B contains terms that depend explicitly

406  on wy; however, these w,-related terms become negligible for a short ¢,.

407 Unlike Figs. 5-6, Fig. 7 shows the SSTA at the t,-th month after a WWB, with the upper

408  abscissa indicating the timing of the WWB. First, the approximate analytical solution derived

409  from Eq. (11) (blue dashed) is nearly identical in phase to the numerical solution obtained from
410 Eq. (1) (black solid). The adjustment response of SST is also largely determined by the

411 contemporaneous background growth rate R: when R weakens during winter—spring, the SSTA
412 induced by a WWB is weakest; after spring, as R gradually strengthens, the WWB-induced SSTA
413 correspondingly increases; and WWBs occurring in summer—autumn produce the strongest SSTA.
414 Within the short timescale of t, = 1 — 3 months (Figs. 7a—c), the amplitudes of the analytical and
415 numerical solutions are also nearly identical, indicating that the analytical solution Eq. (11)

416  accurately captures the short-term response induced by WWBs. Therefore, from a short-term

417 perspective, the spring barrier of WWBs is essentially analogous to the ENSO SPB: both arise

418  from the modulation by the seasonal cycle of the background growth rate in the tropical coupled

419  ocean—atmosphere system.
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abscissa denotes the WWB timing t,; the lower abscissa is the calendar month starting from October 1. In (a),
the first WWB occurs at December 1 (first open circle from the left) and lasts 15 days; the t;, = 1 month
response is therefore evaluated on January 15 (first asterisk from the left). The dashed segment between the
circle and the asterisk indicates the 1-month SST evolution. Subsequent open circles marks WWBs on the first
day of each month from January 1 through November 1. In (b)-(f), the first WWB is set to November 1, October
1, September 1, August 1 and July 1, respectively. Numerical, analytical and simplified-analytical solutions are

shown by the solid black, dashed red and dashed blue curves, respectively.

When the response window is extended to t, = 4 — 6 months (Figs. 7d—f), the phase of
SSTA becomes increasingly controlled by the same-frequency direct term associated with the
intrinsic ENSO frequency. As a result, the peak response window exhibits a systematic phase
delay (i.e., a rightward shift) compared with the t, = 1 — 3-month cases. The background growth
rate still determines the overall amplitude pattern—weakest in spring and strongest in summer—
autumn. However, unlike the short-term response, the negative feedback associated with the
thermocline (i.e., the ocean dynamical memory) begins to significantly suppress the amplitude.
Consequently, the numerical solution (black solid) shows smaller amplitudes than the simplified
analytical solution (blue dashed), which neglects the thermocline restoring term. Nevertheless, the
adjustment response to winter—spring WWBs remains the weakest, indicating that the WWB
spring barrier is not confined to the instantaneous response but also persists over subsequent

monthly timescales

Overall, the analytical solution, the approximate analytical solution, and the numerical
solution exhibit a high degree of consistency in phase, primarily because the seasonal variation of
the background growth rate plays a dominant role in determining the phase of response. In terms
of amplitude, however, the difference between the approximate analytical solution (blue dashed)
and the numerical solution increases as t, becomes larger. This discrepancy arises because higher-
order terms and the thermocline negative feedback, which are included in the numerical
integration, become increasingly important. By contrast, the full analytical solution (red dashed)

agrees more closely with the numerical solution (black solid), particularly in Figs. 7e-f.

3.3. Sensitivity of adjustment response to parameters

The parameters affecting the adjustment response include the intrinsic ENSO frequency w,,

the amplitude of the background growth rate R;, and its initial seasonal phase ¢. In general, w,
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has little influence on the response amplitude and only slightly adjusts the response phase at
longer lags. The parameter R; modifies the response amplitude without affecting its phase,
whereas ¢ shifts the seasonal phase in calendar time, thereby altering the timing of ENSO phase
locking and the barrier season, but without changing the overall ENSO amplitude. These effects

can be readily inferred from Eqgs. (10) and (11).

If only the short-term influence of WWBs is considered (e.g., t, = 1 — 3 months), Eq. (11)
indicates that both the amplitude and phase of the adjustment response are independent of w.

Consequently, changing the ENSO period has little effect. Figure 8 shows that when the ENSO
frequency is set to wy = 2—:, Z—Z (corresponding to 3- and 5-year periods, respectively), the
resulting adjustment responses are nearly identical to that in Fig. 7c. It is worth noting that when
the ENSO period is 5 years, the condition t, << 1/w,, is better satisfied, leading to closer
agreement between the simplified analytical solution and the numerical solution (Fig. 8b). When
the WWB influence is evaluated up to one year, however, the peak window of the adjustment
response shifts by about one month because the phase of the same-frequency direct response
depends on wyt, (Eq. (10)): relative to the 4-year period, the peak occurs about one month earlier
for a 3-year period and about one month later for a 5-year period (figure not shown).
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FIG. 8. Same as Fig. 7c, but for (a) w, = z—: mon~! and (b) w, = 26—7; mon~1, respectively.
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In the total response AT =~ AT, + R,AT;, the parameter R, acts only as a linear scaling factor
for the adjustment component. Increasing (or decreasing) R; simply amplifies (or reduces) AT,
and the total peak amplitude proportionally, without altering the timing of the peak or the phase
structure of the response, including the positions of autumn—winter phase locking and the spring
barrier. Consequently, for a given WWB timing, the response curves should retain the same phase

but exhibit different amplitudes when R; is varied (figure not shown).

The initial seasonal phase of the background growth rate, ¢, is a key control parameter that
determines the specific seasons in which the ENSO predictability barrier and phase locking occur.
This conclusion has been widely discussed in previous theoretical studies (Chen and Jin 2022,
2020, 2023; Galanti and Tziperman 2000; Levine and McPhaden 2015; Liao et al. 2021; Stein et
al. 2010, 2014; Tziperman et al. 1995, 1997; Yang et al. 2023). Figure 9 illustrates that when ¢ =

g, corresponding to a two-month leftward shift in the initial phase of R(t), the peak and trough

windows of the WWB adjustment response also shift two months earlier. Specifically, the original
pattern—weakest warming in late spring—early summer and strongest warming in late autumn—
early winter (Fig. 7)—is transformed into weakest warming in late winter—early spring and
strongest warming in late summer—early autumn (Fig. 9). This result confirms that the seasonal
phase of the background growth rate is the fundamental factor controlling the timing window of
WWRB climatic effects. In other words, although the overall amplitude of the ENSO response
remains largely unchanged, the season in which the response is amplified or suppressed shifts.
This indicates that changes in the phase of the annual cycle of tropical SST could have profound
implications for ENSO behavior.
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FIG. 9. Same as Fig. 7c, but for ¢ = g rad.
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In summary, the magnitude of the response induced by a WWB is controlled by R;, whereas
when the response becomes strong or weak is jointly determined by ¢ and wy. Among these
factors, ¢ plays the dominant role, while w, only provides a minor adjustment. Thus, the so-called
timing sensitivity—namely, whether a WWB can overcome the spring barrier and be effectively
amplified—is primarily governed by the seasonal phase of the background state ¢ and the
instantaneous growth rate R(t,) at the time of the event. Within this framework, R, determines the
overall amplification level, whereas the intrinsic system frequency w, only slightly adjusts the

timing of the peak response window.

3.4. Persistence map for WWB effect

Finally, we examine the role of WWBs from the perspective of predictability. Figures 10a, c,
and e display the time series of the total adjustment response AT, the seasonally modulated
component R;AT;, and the same-frequency direct component AT, respectively, all calculated
from the analytical solution Eq. (10). Each panel includes six realizations corresponding to
different WWB timings, with colors ranging from dark to light. Figures 10b, d, and f show the
corresponding ACC-based persistence maps, where the abscissa denotes lag month and the

ordinate denotes initialization month.

The most striking feature is that the predictability structure of the total response derived from
the analytical solution closely reproduces the observed pattern (Fig. 10b versus Fig. 1c). This
result strongly suggests that wind-triggered perturbations coupled with the seasonal variation of
the background growth rate alone are sufficient to reproduce the two key characteristics observed
in reality: the SPB and winter phase locking. It also implies that the seasonal cycle of the
background growth rate—effectively the seasonal modulation of the Bjerknes feedback—imposes
a strong dynamical constraint on ENSO predictability. Regardless of how the tropical coupled
system is externally perturbed, these two features are likely to persist. In this sense, WWBs
represent only one type of external disturbance; similar conclusions may hold for other forms of

pulse-like or stochastic perturbations.

The component decomposition further clarifies the physical origins of the SPB and phase
locking. The seasonally modulated component R; AT; acts as an “amplitude controller” rather than

a source of long-term phase memory (Figs. 10c—d). Relative to the ENSO intrinsic frequency,
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R, AT, behaves as a high-frequency oscillation with an approximately one-year period. It follows
the rhythm of the background seasonal cycle and determines in which season the signal is
amplified or suppressed. Because its dominant timescale is about one year, its persistence is very
short: the ACC decays rapidly after roughly one month (Fig. 10d), indicating that it cannot

provide cross-seasonal memory.

In contrast, the same-frequency direct component AT, provides the “phase backbone” of the
response (Figs. 10e—f). This term is not directly modulated by the seasonal growth rate and
supplies a smooth, regular, and long-lived baseline for the phase evolution of the total response.
As shown in Fig. 10f, its ACC appears as nearly vertical lines independent of the initialization
month, indicating that it carries the system’s dynamical memory. This long-lived phase memory

forms the physical basis that allows ENSO events to persist and evolve across seasons.
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FIG. 10. Analytical solution of Eq. (1) with F, = 1°C/month that calculated from Eq. (10). (a) Total SSTA
response AT (t; + t,) in a 20-year timeframe (i.e., t, = 20 year). Each solid curve is a realization fora WWB
initiated on the first day of a given month, with the open circle denoting the WWB timing. There are 6
realizations that the WWB occurs at January 1, March 1, May 1, July 1, September 1 and November 1 of year 1,

respectively, and lasts 15 days each. (c) Seasonally modulated component R;AT; (red). (¢) Direct same-
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frequency component AT, (blue). (b), (d) and (f) are same as Fig. 1c, but for persistence map calculated from

AT (t; + t,), R;AT; and AT, respectively.

We summarize this mechanism with the following conceptual expression:
Total response AT = AT, (Phase backbone) +R;AT; (Amplitude controller) (12)
Physical interpretation:

(1) Phase backbone (AT,): Maintains the inertial propagation of the system and provides the

dynamical memory that allows an ENSO event, once triggered, to persist across seasons.

(2) Amplitude controller (R,AT;): Modulates the backbone. It suppresses the amplitude
during boreal spring—producing the SPB—and amplifies it during summer—autumn, thereby

effectively locking events triggered at different times to reach their peak in early winter.

(3) Physical essence of the SPB: In boreal spring, the two components become modulation-
mismatched. The memory backbone AT, tends to maintain the system’s ongoing evolution,
whereas the amplitude gate R;AT; imposes a strong suppression or negative feedback. This sharp
conflict between the persistent phase memory and the seasonal amplitude damping leads to a rapid
decay of signal amplitude, which directly manifests as the abrupt collapse of the ACC when

crossing spring.

4. Summary and discussion

This study derives analytical and numerical solutions for finite-duration WWB pulses within
the recharge—discharge oscillator framework and proposes the mechanism of a “WWB Spring
Barrier.” Under otherwise identical conditions, WWBs occurring in boreal spring exhibit
systematically weaker amplification efficiency, whereas those occurring in summer—autumn are
most readily amplified by the Bjerknes feedback and can accumulate across seasons, thereby
promoting ENSO growth toward its winter peak. This conclusion also exhibits mirror symmetry:
EWBs occurring in summer—autumn are likewise most effective in strengthening cold anomalies
and sustaining them into winter. Notably, if the seasonal gain of the background state is removed,
the timing effect disappears. We emphasize that the mechanism identified here represents a

conditional timing effect: given that a WWB has occurred, its subsequent amplification or decay
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depends on the season in which it takes place. The analysis does not imply a necessary or

sufficient causal relationship between WWBs and ENSO events.

The results also have important implications for ENSO prediction and model diagnostics.
WWBs occurring from late summer to early autumn are most easily “captured” by the coupled
system, allowing the perturbation to be efficiently amplified and enhancing predictability toward
the winter peak. In contrast, WWBs occurring in late winter to spring are more likely to be
dissipated by the spring barrier, making it difficult for them to generate sustained impacts even if
they occur. The key point is that whether the “energy” injected by a WWB can be converted into
predictable growth depends on whether it occurs within the constructive window of the system’s
response structure, summarized as AT = AT, (Phase backbone) +R;AT; (Amplitude controller).
Accordingly, in forecast analyses, greater weight should be assigned to WWBs occurring in
summer—autumn and less weight to those occurring in winter—spring (with EWBs treated
symmetrically). This perspective also implies that if a numerical model underestimates the
amplitude of the seasonal cycle in the tropical Pacific, it will tend to systematically underestimate
the summer—autumn amplification effect of WWBs and the winter phase locking of ENSO, and

vice versa.

This study also has several limitations and uncertainties. (1) The derivation relies on linear
approximations and small-parameter expansions. Small damping coefficients and short-duration
WWRB assumptions are adopted to obtain analytical solutions. For situations involving persistent
strong forcing, pronounced nonlinearities, or strong state dependence, quantitative estimates of
amplitude may deviate from reality; however, the phase evolution (e.g., phase locking and lag
relationships) and the seasonal gating mechanism remain informative. (2) The model simplifies
several physical processes. It does not explicitly include extratropical forcing, nonlinear
interactions between equatorial waves and the mixed layer, or decadal variability in the
background state. These processes may modify the seasonal growth rate of the tropical coupled

system and thus alter the detailed characteristics of the SPB and seasonal phase locking.

In future work, we will use observations to further test and refine this conceptual framework,
with the goal of linking the SPB, seasonal phase locking, and event-scale external forcing within a
unified dynamical perspective. Specifically, we will (i) force the conceptual model with observed
daily wind stress anomalies and conduct full-wind versus no-wind sensitivity experiments to
quantify the contribution of WWBs in representative ENSO events; (ii) extend the framework to

include sequences or clusters of WWBs and incorporate stronger nonlinear coupling between the
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mixed layer and thermocline, background-state decadal variability, and regional phase differences;
and (ii1) represent other sources of high-frequency forcing—such as the Madden—Julian
Oscillation (MJO) and equatorial wave packets—as equivalent pulse forcings within the same
analytical framework, thereby examining how their convolution with seasonal growth rate and

thermocline adjustment shapes the amplification and phase delay of ENSO signals.
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Appendix A: Instantaneous Response

Here we show the details on deriving the analytical expressions for the perturbation
responses. First, we denote the perturbed solution by (T, h) and the unperturbed solution by (T, k).

Their differences are defined as
AT=T-T, Ah=h-h.
1. Perturbation Equations

Based on Eq. (1) and Eq. (2), the perturbation equations under the forcing of WWB can be

written as:

{A’T = woAh — R; sin(w,t + @) AT + F(t) (AD)

Ah = —woAT

with initial conditions AT (0) = Ah(0) = 0, ¢ € [0, 7]. Here, F(t) = FyH(t — ty)H(t; — t), that
is, F(t) = F, = const. for ty, <t < t;, where t, is the timing of WWB in a year, t; = t, + At is
the ending time of WWB, and At is the duration of WWB. Usually, At can be thought small (less

than one month), when compared to a year (or 365 days). w, and w; are the ENSO and annual

frequencies and given as (i—g) month™! and (i—’;) month™1, respectively.

In this paper, we consider a weak seasonal growth rate in the tropical coupled system, i.e., a

small R;, so that AT and Ah can be expanded in terms of R;:
AT:ATO+R1AT1+”', Ah:Ah0+R1Ah1+"'

Therefore, we have

ATO = (l)oAhO + FO (A2)
Aho = —(l)oATO
A.Tl = woAhl — sin ((Ult + (p)ATO (A3)
A.hl = _(UoATl

Given initial conditions AT, (t,) = Aqy(ty) = 0, the analytical solution to the zeroth-order

system (A2) can be obtained:

AT,(t,) = :—‘;sin(wOAt), Ahy(ty) = :— [cos(woAt) — 1]. (A4)
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Substituting the zeroth-order solution (A4) to first-order equations (A3), we have

: F,
ATy = wolAhy — w_(:)g(t)

. (A5)
Ahy = —w, AT,
where, g(t) = sin(w,t + ¢) sin(wy(t — ty)).
Eliminating Ah, yields
AT+ W3ATy = f(©), f(8) =~2g'(®). (A6)
2. Decomposition of the forcing and particular solution
Using the identity sinA - sinB = %[cos (A — B) — cos (A + B)], we have
g(t) = %[cos((wl — Wyt + woty + <p) — cos((a)1 + wy)t — woty + <p)] (A7)
This leads to two harmonic forcings:
f(©) = 5= [Qusin (@ + ¢1) = Qysin (@t + ¢2)]. (A8)
where,
A =w;—wy, Q=w;+wy, @1=weto+@, @2 =—weto+ ¢
For each harmonic term f;(t) = Ajsin(ﬂjt + ¢ j), the particular solution to T" + wiT =
fi(®) is:
T, () = wo%jﬂisin(ﬂjt +9,), (9 % w). (A9)
Evaluating at t = t, + At, we have:
AT, (t;) = ZFTOO [A sin(Q,At + w ty + @) — B sin(Q,At + w1ty + @)] (A10)

where,
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A— (1)1_(1)0 B— (,U1+(U0
— @§ — (g — wg)?’ 0§ — (W + wy)?

which suggests, for different timing t, of WWB, the amplitude of the response does not change.
Adding (A4) and (A10), we have particular solution to AT (t, + At):

AT(t,) = ATy(t1) + R1AT,,(t)

= Z—Osin(wOAt) + % [Asin(Q,At + wity + @) — Bsin(Q,At + wity + @)  (All)
0 0

3. Homogeneous correction and full solution

Note that as At — 0, the particular solution (A11) does not vanish, i.e., AT, (t, + At) # 0.
Thus, the homogeneous term AT, (t) = C cos(wyAt) + D sin(w,At) is added so that the initial

conditions at t = t, are satisfied. Coefficients C and D are obtained by enforcing:

i}
Py (ATyp + ATyp)|pt=0 = 0 (A13)

The full first-order solution is then obtained:

AT (t,) = ATo(t1) + Ry [ATlp(tl) + AT1h(t1)]

F, R F,
= 2 sin(wyAt) + —— [Asin(Q, At + @) — B sin(Q,At + )
Wy 2w,
. Q Q, .
—(A — B) sin(®) cos(wyAt) — (w—A — w—B) cos(®) sin(wyAt)] (A14)
0 0

where, ® = wt; + @.
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4. Asymptotic solution for small At

(A14) is too complicated to let us see through the fundamental dynamics. If we consider the

short-term WWB, that is, a very small At (much shorter than 1 year, i.e., At K wi < wi), we can
1 0

thus apply Taylor expansions to all sinusoidal terms as:

2

Q
sin(Q; ;At + @) = sin(®) + O, ,At cos(P) — %Atz sin(®) + 0(At3)

1
cos(woAt) =1 — EwozAtz + 0(At3), sin(wyAt) = wyAt + 0(At3)

Substituting them into (A14), yields

_ Fo

—RqFyAt?
Wo

" sin(wty + @) + 0(At3) (A15)

AT (t,) sin(wyAt) +
A more compact form of (A15) can be expressed as
AT (t)) = Foht - (1+2R(to)At) + O(AL?) (A16)

Similarly, we can thus have

Bh(t;) = —FowoAt? - (5 + 2 R(to)At) + O(At*) (A17)
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30

We now derive the solution after the WWB forcing has ceased, up to time t,. This

Appendix B: Adjustment Response

corresponds to the adjustment (or delayed) response of the system during the interval from ¢; to

t; + t,. In this formulation, t,, At, t; are given constants, while ¢, is the only variable. The

perturbation equations can be written as:

AT = wyAh — Rysin[w, (t; + t;) + @]AT
Ah = —woAT

Initial conditions for (B1) are

AT(t)) = Fot - |1+ 3 R(to)At]
Bh(t;) = —FowoAt? - |5 + 2 R(¢o)At |

which are the values of the instantaneous solution.

(B1)

(B2)

Considering a weakly dissipative system, where R; is small, AT and Ah can be expanded in

powers of the small parameter R;:

Substituting these expansions into the governing equations yields the zeroth-order and first-

order systems, respectively.

ATO s (U()Aho
Aho = _(l)oATO

A.Tl = woAhl — sin (wltl + O)ltz + (p)ATo
A.hl = _(UoATl

The general solution of the zeroth-order equation (B3) can be readily written as:

Here,

{ATO(tZ) = C;cos(wyty) + Cysin(wgt,) = +R, cos(wot, — YP)
Aho(tz) = Czcos(a)otz) - Clsin(a)otz) == _RC Sin((l)otz - lp)

C1 = Folt, Cy = —~FowoAt?, R, =[CZ+CZ, ¥ =atan2(Cy, Cy)

(B3)

(B4)

(B5)
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1. Particular solution of the first-order system
Eliminating Ah; from Eq. (B4) yields:
ATln + (U(%ATl = f(tz) (B6)

Here,

C C
f(ty) = —71 [Q,c0s(Qyt, + Q) + Qicos(Qty, + Q)] + 72 [Q;sin(Qt, + Qp) — Qysin(Quty + Q)]

.Qo=a)1t1+(p, .Q1=a)1—a)0, .Q2=a)1+a)0

For each harmonic term f;(t) = Ajsin(th + ¢ j), the particular solution to T" + wiT =

fi(®) is:
Aj . .
Tpj () = g sin(Qt + ;). j=1234 (B7)

where, (; # w,, subscript “p” denotes the particular solution.

According to Eq. (B7), four particular solutions can be obtained. Summing these

contributions yields the particular solution for the first-order variables

ATl,p(tZ) = _g[cl(:OS(taz + Qo) + Czsin(nztz + Qo)]

—2[Crc0s(Qut; + Qo) — Cosin(t + Q)] (B8)
where
A _ Cl)l - (UO B _ (1)1 + (UO
w§ — (w1 — wp)?’ w§ — (w1 + wg)?

2. General solution of the first-order system

The complete first-order solution is given by the sum of the particular solution and the

homogeneous solution of the system (B6), i.e.,

AT, (t;) = AT, (t;) + Q1cos(wpty) + Q2sin(wgty) (B9)
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When t, = 0, the initial value of AT; can be obtained from Eq. (B2):
ATl(O) = C3, ATll(O) = (,L)()C4_ - Sln(Qo) Cl (BIO)
where

_ FowoAt?

1
C3 = —EFOAtZ Sin(w1t0 + (,0), C4 - 6 Sin(wlto + (p)

Substituting the initial condition (B10) into Eq. (B9) yields:

sin(Q)C; + AT, ,'(0)

Wo

Q1 =C3— ATl,p(O): Q2 =C4—

Finally, the complete first-order solution is given by:

sin(Qy)C; + AT, ,,'(0)

Wo

ATl(tZ) = [C3 - ATl’p(O)]COS(wotz) + C4_ - Sin((l)otz) + ATl,p(tZ)

= Ry cos(wot, — @p) — %RC[A cos(Qqt, + Qo + ) + Beos(Q,t, + Qo — )] (B11)

where

G C; :
AT, ,(0) = — > (A + B)cosQ, + ) (A — B)sin{,

C C
AT, ,,'(0) = sinQ - 71 (AQ, + BQ,) + cosQ - 72 (4Q, — BQ,)

Ry, =P2+Q? ¢, =atan2(Q,P)
1
P = C3 + E[(A + B)Cl COS QO - (A - B)Cz Sinﬂo]

1 1
Q=0C,— {[1 + E(Agl + BQ,)]C; sinQ, + > (AQ; — BQ,)C, cos QO} Jwo

R, and ¢, denote the same-frequency composite amplitude and phase of the adjustment term,

respectively.
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Equation (B11) can be further rewritten as a single sinusoidal (or cosine) form with w, as the
dominant frequency, whose amplitude and phase are modulated by the seasonal phase. To

proceed, we first define:
HEwltz‘l'Qo, waotz_lp

Therefore,
cos(Qit; + Qo + 1Y) = cos(x — ), cos(Qyt, + Qg —P) = cos(x + 6)

Substituting these expressions back into Eq. (B11) and applying the sum—to—product trigonometric

identities yields:

AT, (t,) = Ry[cos x cos(f — @y) — sinx sin(yp — @,)]
1 o
_ERC[(A + B) cos O cosx + (A — B) sin 0 sin x|

= C(0) cosx + S(0)sinx = M(6) cos(x —y(0)) (B12)

where

A+ B
C(6) = Rycos( — ¢y) _TRC cos 6

: A-B =
S(0) = =Ry sin(y) — ¢y) — TRC sin 8

M(6) =/C(6)% +5(6)?, y(8) = atan2(5(6),C(8))

Therefore, the first-order solution (B12) represents a single harmonic with the ENSO intrinsic
phase x = wyt, — Y as the independent variable. Its amplitude M (6) and phase shift y(6) are
modulated only through the seasonal phase 8 = w;(t; + t;) + ¢ and the constants

Ro,R:, A, B, Y, ¢q.

3. Complete solution of the adjustment response
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Finally, we obtain the solution to the adjustment-response system (B1). Neglecting the
second-order terms O (R?), the solution can be written as the combination of the zeroth-order

solution (B5) and the first-order solution (B12), yielding:
AT (ty + ty) = ATy (t,) + Ry AT, (t,)
= R, cos(wot, —P) + R{M(0) cos(wyt, — Y —y(6)) (B13)
where R, is constant, R, is small parameter and 8 denotes the seasonal phase.

The zeroth-order term can be referred to as the free same-frequency response. Physically, it
represents the “instantaneous impulse” imposed on the system by the WWB during the pulse
interval At, which sets the initial perturbation state of the system (i.e., the instantaneous responses
of temperature and thermocline depth anomalies derived in Appendix A). Thereafter, the system
evolves freely at the intrinsic ENSO frequency w,, without direct coupling to the
contemporaneous seasonal growth rate. Its amplitude R, depends solely on the intensity and

duration of the WWB and is independent of the season in which the WWB occurs.

The first-order term can be referred to as the seasonally modulated adjustment response.
Mathematically, it is equivalent to a single harmonic with the intrinsic frequency w,, whose
amplitude and phase vary slowly with the seasonal cycle. This can be interpreted as a simple
oscillator with intrinsic frequency w, coupled to a seasonally varying amplifier or damper.
Physically, this term represents the delayed evolution of the system after a WWB event. The
WWRB excites Kelvin and Rossby waves that modify the thermocline slope and warm-water
volume (the recharge—discharge process). Through the Bjerknes positive feedback, this
perturbation subsequently undergoes delayed amplification or decay under the modulation of the
seasonal growth rate R(t). In this formulation, the amplitude M (0) arises from the cumulative
integral effect of the system’s adjustment, while the phase shift y(8) originates from dynamical
inertia. Both depend explicitly on the seasonal phase 6, thereby reflecting the sensitivity of the
response to the timing of the WWB. In essence, the final SST response amplitude is determined by

the temporal convolution between thermocline adjustment and the seasonal growth rate.
Using the same method, we can obtain
Ah(t; +t;) = Ahy(t;) + R1Ahy (t5)

= —R. sin(wot; — ) — Ry M, (8)sin (x — y,(8)) (B14)
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where

My (0) = \/Ch(0)% + Sp(0)2,  yx(8) = atan2(S,(0), Cn(6))

woR. (B A
Cr(@) = Rycos(p — @g) — — (Q_z — 9_1) cos @
: woR:. (B A\ |
Sp(0) = =Ry sin(y — @) + > (Q_ + Q_> sin @
2 1

The solution for the adjustment response given by Eqgs. (B13)—(B14) can be further
simplified. If the characteristic time scale of the WWB influence is assumed to be small compared
with the ENSO period (taken here as 4 years), i.e., t, < 1/w, (for example, t,~3 months), then
the trigonometric functions involving wyt, in the equations can be expanded in a Taylor series

with respect to t,:
COS((U()tz) =1 + O(tz), Sin((l)otz) = wotz + O(tzz) (BlS)

Substituting Eq. (B15) into Egs. (B13)—(B14), and taking into account the cumulative effect

of R(t) over the interval t,, we obtain after simplification:

1 1
_ _ - 2 _ -
= AT(ty) = 5 Fawp0) [1 +3R)A — sy R(tl)At] t,
~ FyAt - [1 +R(t)AE + [} R(T)dr] (B16)

AR(t, + t) ~ —FywoAt {At E + %R(to)At] +t, [1 +>R(to)At + %f:”z R(r)dr]} (B17)

The phase of the adjustment response is determined by the time integral of R(t) over the interval

t,. When t, = 0, Egs. (B16)—(B17) reduce to (A16)—(A17).
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