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Abstract: The structure of main modes of the decadal and multidecadal variability of the Atlantic meridional
overturning circulation (AMOC) is analyzed for the climatemodels INM-CM5 (INMRAS), CCSM4 (NCAR),MPI-
LR and MPI-MR (MPI). It is shown that oscillations with characteristic periods of 25–35 and 50–70 years are
recognized in the models, and the corresponding spatial structures are variations of the intensity and posi-
tion of the AMOC. Relations connecting changes of thermohaline circulation with external impacts on the
system are constructed for the above models. The analysis of stability of calculations relative to the length of
data series used for calculations is performed. The optimal impacts leading to the greatest response of the
AMOC and influence functions causing its response along the leading modes of low-frequency variability are
constructed. The optimal impacts have the form of density anomalies localized in the North Atlantic, and the
structures of the corresponding responses are dominated by leading low-frequency modes of variability. The
structure of optimal impacts varies greatly from model to model.
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Many important problems of modern geophysics require analysis of the reaction of the Earth climate system
on external perturbations and search for optimal impacts causing the greatest possible response of the sys-
tem. The studies ofmechanisms of ocean circulation formation and, in particular, the nature of thermohaline
overturning circulationmaintenance in the Atlantic Ocean (hereinafter, AMOC) is not an exception. Since ob-
servational data are insufficient for full analysis of this phenomenon, the main way to study the problem are
numerical simulationswith numerical climatemodels. Unfortunately, the properties of the AMOC (in particu-
lar, spatial structure and the time spectrumof its variability) differ frommodel tomodel [12]. Themechanisms
for maintaining the AMOC also vary from model to model and depend on both their spatial resolution and
chosen parameterizations (vertical diffusion, vortex transport processes, description of subgrid processes in
the Norwegian and Greenland seas, etc.) [5, 16]. In this regard, the problem of identification of models with
respect to the sensitivity of the AMOC seems to be very important. We also note the widely discussed problem
of interconnection between the AMOC and the Atlantic multidecadal oscillation manifesting differently in
climatic models [18] with different physical mechanisms involved [4, 6].

The evaluation of the sensitivity of the AMOC involves the construction of perturbations with specific
spatial structure causing themaximum possible (at a givenmagnitude of the impact) response of the system.
There are two basic methods for obtaining such estimates, namely, the analysis of equations describing the
dynamics of the climate system and the analysis of historical observation (or simulation) data archives. An
example of the first approach is described in [2, 17], where numerical linearization of dynamics equations and
subsequent analysis of the structure of singular vectors of the linear system were performed. The drawback
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of this approach (in addition to its complexity) is the sensitivity of results to the choice of the basic state
against which the linearization is applied. The second approach (for example, [1]) is based on the search
for events with significant anomalies of the AMOC in historical data archives (of simulations or observations)
and analysis of the preceding circulation of the system. Since detailed data on the state of the AMOC in nature
(especially its structure in the deep ocean) are available currently only for a small period of time, the second
approach is used mainly for simulation data. Note that this method allows us to diagnose the states with
abnormal dynamics and to a lesser extent serves for construction of optimal impacts on the system.

In this paper, in order to search for optimal impacts and influence functions, we use an alternative ap-
proach based on application of the fluctuation-dissipation relations [11, 13]. These relations being valid with
high accuracy for awide class of climatemodels associate the responses of amodel to external influenceswith
its statistical characteristics and allowus to evaluate approximately the sensitivity properties of amodel. This
approach is used to analyze the sensitivity of the AMOC for several models of leading climate centers (CCSM,
MPI-ESM, and INM-CM) taking part in the climate model intercomparison projectslead by the Intergovern-
mental Panel on Climate Change (http://www.ipcc.ch).

1 Method of calculating the operator of system response to
external impacts

A linear relationbetween external impacts on the systemand the correspondent changes of its statistical char-
acteristics is satisfied with a good accuracy for a wide class of systems, that is likely includes chaotic models
of atmospheric and ocean dynamics. Strict justifications can be obtained, for example, within the framework
of the theory of Fokker–Planck equation [13] of regular dynamics [11]. Let us consider some characteristic
φ(X) of the system dependent on its state X(t). The mean value of φ(X) can be obtained (under ergodicity
condition) by averaging along a trajectory of the system or over the probability density of its states:

φ ≡ ⟨φ(X(t))⟩ = ∫φ(X)ρ(X)dX = lim
T→∞

T

∫
0

φ(X(t))dt/T.

Here ρ(X) is the probability density (invariant measure) of states of the system and ⟨⋅⟩ denotes the averaging
over the corresponding ensemble of states.

If an extremal action δf(t) affects the system, then φ changes by a certain value δφ(t) dependent on
δf(t). It was shown in the papers mentioned above that in the linear approximation (i.e., for small impacts)
and under some additional assumptions the relation between δφ(t) and δf(t) has the following form:

δφ(t) =
t

∫
0

⟨φ(X(t))∂ρ(X(t))∂Xk(t)
t=τ⟩δfk(τ)dτ.

This formula is a generalized fluctuation–dissipation relation, or FDR (see details in [13]. If ρ(X) is a
normal distribution, then the relation takes the simpler form

δφ(t) =
t

∫
0

Σφ(t − τ)Σ(0)−1δf(τ)dτ (1.1)

where Σφ(t − τ) = ⟨φ(X(t))[X

(τ)]T⟩ is the lagged covariance function with the lag t − τ and Σ(0) =

⟨X
(t)[X
(t)]T⟩ is the covariance matrix of the system (X = X(t) − ⟨X⟩). This relation associates the re-

sponse of the mean state of the value φ at the time moment t to the impact δf acting in the time period [0, t]
using statistical characteristics of the unperturbed system.

If the perturbation is acting in the time interval [0, ∆] and does not vary spatial structure, and the re-
sponse is averaging over the time interval [T1, T2], then for the change δφ of the mean value we get
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δφ =
T2

∫
T1

∆

∫
0

Σφ(t − τ)Σ(0)−1dτdt δf/(T2 − T1) ≡ Mδf.

In this paper as φ we take the stream function ΨAMOC of the Atlantic meridional overturning circulation
defined as follows:

ΨAMOC(z, y, t) = ∫
z

∫
x

Vdxdz

where V is the longitudinal (y) component of the flow velocity. The integration over the vertical coordinate
appears here from the ocean bottom up to the level z, and the integration along the latitude (over x) is per-
formed from theWestern to Eastern Atlantic boundaries. As the state vector X we take the ocean temperature
(SST) and salinity (SSS) fields on the surface.

Thus, the expression forM is a matrix of dimension K ⋅ 2L, where K and L are the dimensions of the field
ΨAMOC and the fields SSS and SST, respectively. Therefore, δf is an impact on the system in the surface tem-
perature and salinity fields. In its turn, in order to determine M, we have to calculate the covariation matrix
Σ(0) of the two-component field (SST, SSS) and the lagged covariance function between ΨAMOC and the pair
of fields (SST, SSS) and perform necessary summation. Note that we must invert the covariance matrix to cal-
culateM, which leads to numerical errors and requires regularization of the algorithm. A detailed description
of the algorithm for construction of the approximate response operator relative to the climatic model CCSM4
was presented in [10]. In contrast with [10], in this paper we use a simplified description of the phase space of
climate models, instead of three-dimensional velocity, temperature, and salinity fields, the vector X includes
only two-dimensional fields SST and SSS. This reduction is mainly due to the insufficient amount of available
data. The inversion of the covariance matrix in (1.1) is performed in the space of 40 leading eigenvectors.

The FDR for climate models is usually checked by the direct numerical experiments with the models. For
example, it was shown in [10] that the approach described here can be used with sufficient accuracy to con-
struct leading singular vectors of the response operator M for the CCSM-4L model. In spite of the fact that in
this paper we use a simplified approximationmethod for the response operator compared to [10], the leading
eigenvectors of the obtained operator (see Figs. 3-B5 and 3-C5) are close to the results from [10] (see Figs. 2 and
3 in [10]). Thus, there are reasons to believe that for other considered models of similar complexity studied
here the FDR gives a sufficiently reliable evaluation of leading singular vectors of the response operator.

By definition, the influence function gj, j = 1, . . . , 2L, for some state α of the AMOC streamfunction is
the result of summation of rows of the matrixM with the weights equal to the corresponding components αi,
i.e.,

gj = ∑
i=1,K

αiMij , j = 1, . . . , 2L (1.2)

being in our case a vector of dimension 2L. A significant value of the influence function at a point of the
geographic grid means that the anomaly of the corresponding sign specified in it causes a positive response
in the direction α.

2 Models and data
In this paper we analyze several climate models included into the international project CMIP on comparison
of climate models.

2.1 Climate models CCSM4 and CCSM4-L

Models of the CCSM familywere developed at theNational Center for Atmospheric Research of theUSA. In this
paper we use the results obtained by two versions of this model. The CCSM4 version [7] has the resolution of
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1.25∘ in latitude and 0.9∘ in longitude with 26 vertical layers in the atmosphere. The ocean block of the model
has the resolution of 1.1∘ in longitude, a variable resolution of 0.27–0.54∘ in latitude, and 60 vertical levels.
Within the framework of the CMIP5 experiment with this model, the calculation of pre-industrial climate was
performed for the period of 1100 years. The low spatial resolution model CCSM4-L citer14 has the horizontal
resolution of 3.75∘ in the atmosphere and 3∘ in the ocean. Similar calculations for the period of 16000 years
were performed for this model.

2.2 Climate models MPI-ESM-MR and MPI-ESM-LR

In this paper we analyze two versions of models of the family MPI-ESM [8] developed at the Max Planck
Institute (Germany). The first version (MR) has 95 vertical layers and the horizontal resolution of 1.9∘ in the
atmosphere, the horizontal resolution in the ocean is 0.4∘ with 40 vertical layers. The low-resolution model
(LR version) uses 47 vertical layers in the atmosphere and the resolution of 1.5∘ in the ocean. Calculations
of the pre-industrial climate were performed for the period of 1000 years with both these models within the
CMIP5 experiment.

2.3 Climate model INM-CM5

In this paper we analyze the last model of the INM-CM family developed at the Institute of Numerical Mathe-
matics of the RAS [15] being an upgrade of the INMCM4model participating in the CMIP5 program. Themodel
has the horizontal resolution in the atmosphere equal to 2 and 1.5 degrees in longitude and latitude, respec-
tively, and 73 vertical levels. The horizontal resolution in the ocean is 0.5 and 0.25 degrees in longitude and
latitude, the model has 40 vertical levels. Calculations of the pre-industrial climate were performed with this
model for the period of 1200 years.

The mean monthly fields of the AMOC stream function as well as the temperature and salinity of the
ocean surface were used to construct response operators and influence functions for all models. Since there
is a trend in the model data (the model is drifting to the equilibrium climatic state), the 200-year moving
average was removed from the data.

Figure 1 presents climatic characteristics of the Atlantic thermohaline circulation in the consideredmod-
els. The left column (A1–A5) shows mean values of ΨAMOC for the models CCSM4 (A1), MPI-ESM-MR (A2),
MPI-ESM-LR (A3), INM-CM5 (A4), and CCSM-4L (A5). The structure of circulation corresponds to the observed
one in all the models. Note that INM-CM5 and CCSM-4L models have low values of the thermohaline transfer
with the maximum of about 16 Sv (106 m3/s). In addition, the basic cell of AMOC reaches only 40∘ N in the
INM-CM5 model compared to 60∘ N in the other models. Another important characteristic of the circulation
is empirical orthogonal functions (EOF) which are eigenvectors of the covariance matrix of the considered
field, in this case, ΨAMOC. The leading vectors corresponding to the largest eigenvalues determine directions
with the largest variability of this field. Figures 1B and 1C present low-frequency EOF fields of ΨAMOC (a filter
removing all periods shorter than 10 years and longer than 100 years is applied to the field, then the covari-
ance matrix is constructed, and after that the eigenvalue problem is solved for this matrix). In all models
the first low-frequency EOF (see Fig. 1B) determines a considerable part of the variance of low-frequency os-
cillations (50%, 45%, 48%, 35%, and 35% in the models CCSM4, MPI-MR, MPI-LR, INM-CM5, and CCSM-4L,
respectively) and is an oscillation of theAMOC intensity relative to themean state. The oscillation spectrum in
all models is dominated by periods of 50–70 and 25–35 years. The second leading low-frequency EOF in most
models is the oscillation of the AMOC length (in the INM-CM5model this is an oscillation of the AMOCdepth),
it corresponds to 15–20% of the total variance of the low-frequency variability depending on the model.
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Fig. 1: Statistical characteristics of Atlantic meridional thermohaline circulation (left column (A1–A5) is for the mean state (Sver-
drup), middle column (B1–B5) is for the leading low-frequency EOF (dimensionless), right column (C1–C5) is for the second
low-frequency EOF (dimensionless) in climate models. Upper row (A1–C1) is for the CCSM4 model, 2nd row is for the MPI ESM
MR model, 3rd row is for the MPI ESM LR model, 4th row is for the INM-CM5 model, 5th row is for the CCSM4 model of low reso-
lution. The axis y is for depth in km, the axis x is for latitude.
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Fig. 2: Influence functions (dimensionless) for excitation of the leading low-frequency EOF from Fig. 1 (B2) for the models
CCSM4 (A), MPI ESM MR (B), CCSM4 of low resolution (C), MPI ESM LR (D), INM-CM5 (E). The field corresponding to the standard
deviation in calculation of the Green function for case (C) is shown in (F).

3 Computational results

3.1 Influence functions

In this paper we have constructed influence functions for leading modes of the low-frequency variability of
ΨAMOC. To do this, for each model we constructed the response operator M by formula (1.1) and determine
the corresponding influence functions by formula (1.2). The values T1 and T2 were taken equal to 1 and 5
years in (1.1) and ∆ was equal to 4 years. Therefore, the impact on the system lasts 4 years, the response is
calculated for 4 years with delay equal to one year with respect to the beginning of the impact. In order to
compare the models with each other (variability modes are different in different models), we performed the
computations of influence functions for variabilitymodes of theMPI-ESM-MRmodel (i.e., α in formula (1.2) is
the field from Fig. 1-B2 or 1-C2). In order to simplify the visualization, the two-component influence function
(for temperature and salinity) was recalculated into a single-component one (in terms of density) with the
use of the simplest state equation.

The calculation results for the first mode (see Fig. 1-B2) are presented in Fig. 2 (A is the anomaly of density
causing the response in the direction of this mode for the CCSM4model, B is the same for the MPI-MRmodel,
C is for the CCSM4-L model, D is for the MPI-LR model, E is for the INM-CM5 model). The analysis of Fig. 2
shows that the leading low-frequency mode in these models is caused by the anomalies of density (mainly
in salinity) in the North Atlantic. Details of the influence function structure vary significantly from model to
model. The closest models are MPI-LR and MPI-MR. The INM-CM5 model requires approximately three times
stronger forcing to get a comparable in magnitude response along the structure of Fig. 1-B2 (the maximum
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Fig. 3: The same as Fig. 2, but for the second leading EOF from Fig. 1-C2.

of the influence function in Fig. 2E is three times less than in other models). This seems to be a consequence
of the fact that the structure of the first mode in the INM-CM5 model is not similar to the first mode in the
MPI-MR model.

The sensitivity of the results to the amount of available data was estimated using the CCSM4-L model
for which the series of available data is 16 times longer (16000 years). To do that, the influence function was
calculated for each 1000-year period and then its variance was calculated from the obtained ensemble (16
implementations). The result of computation is shown in Fig. 2-F. We may conclude that the main structures
of the influence functions calculated from the archive data with the length of 1000 years are significant.

The results of similar calculations for the secondmode of the MPI-MRmodel (see Fig. 1-C2) are presented
in Fig. 3. In this case the influence functions of the models MPI-MR (3B), MPI-LR (3D), and CCSM-4L (3C)
are close. All these models have also close second low-frequency modes (see Figs. 1-C2, 1-C3, and 1-C5). The
structures of influence functions for the models CCSM4 and INM-CM5 are essentially different. These models
also requiremore strong impact to excite a response of the same amplitude than themodels of the first group.

3.2 Optimal impacts and responses

Let us proceed to the analysis of leading singular vectors of the response operatorsM constructed by formula
(1.1) for the models considered here. The first (A1–A5) and the third (C1–C5) columns in Fig. 3 contain the first
and second leading left singular vectors (responses) of the mean value ΨAMOC on impacts in the density field
on the surface. The corresponding impacts (right singular vectors) are shown in Fig. 3 in the second (B1–B5)
and fourth (D1–D5) columns. The analysis of figures shows that the structure of leading responses is domi-
nated by low-frequencymodes of variability. This indicates that the ocean dynamics in the consideredmodels
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Fig. 4: First two pairs of leading singular vectors for the operator of response of the AMOC stream function on simultaneous
impacts in the temperature and salinity fields in climate models (the first column is for the first left singular vector (response,
dimensionless), the second column is for the first right singular vector (impact, dimensionless)), the third and fourth columns
are for the same information for the second singular vector). The upper row (A1–D1) is for the CCSM4 model, 2nd row is for the
MPI ESM MR model, 3rd row is for the MPI ESM LR model, 4nd row is for the INM-CM5 model, 5th row is for the CCSM4 model of
low resolution. The axis y is for depth in km, the axis x is for latitude. The normalization of impacts is the same everywhere.

can be described with a good accuracy by a linear dynamic-stochastic model [9]. The first mode is optimally
excited in all models by a density anomaly located in the North Atlantic. The specific form of optimal impact
in different models is different, but in close (in formulation) models (MPI-LR, MPI-MR) the optimal impacts
are also close. Note that a structure similar to the optimal density anomaly for the CCSM4model is also distin-
guished using regression analysis of the field ΨAMOC and temperature and salinity fields. For example, it was
shown in [3] that exactly the same form of the density anomaly precedes the amplitude maximum of ΨAMOC
in the CCSM4 model (in this case the delay interval is two years).
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The secondmode (oscillation of the AMOCposition) is caused inmost of themodels by a dipole of density
anomaly with a maximum near the Eastern Coast of Greenland and a minimum along the Atlantic Coast
of Europe. The sensitivities (response amplitude) of most models are close, only the INM-CM5 model has
approximately 2.5 times lower sensitivity.

In this paperwe also consider the problemof optimal time for formation of a response to optimal impacts.
Namely, at what value T1 in (1.1) will the amplitude of themodel response bemaximal (the values T2−T1 and
∆ are fixed by 4 years)? For models with higher spatial resolution in the ocean (CCSM4 andMPI-MR) this time
is 3 years, formodels with rough resolution (CCSM4-L andMPI-LR) the time ofmaximal response formation is
5 years. The INM-CM5 model is an exception, its horizontal resolution is 0.5 × 0.25 degrees but the maximal
response of the AMOC appears after the largest delay equal to 6 years relative to the initial moment of the
anomaly forcing.

4 Conclusion
In this paper we present the analysis of the structure of the Atlantic meridional overturning circulation in
the climate models INM-CM5 (INM RAS), CCSM4 (NCAR), MPI-LR and MPI-MR (MPI) and leading modes of
its decadal and multidecadal variability. The structure of mean time circulation corresponds to the observed
one in all the models. At the same time, the models INM-CM5 and CCSM-4L are characterized by lower values
of thermohaline transfer with the maximum of about 16 Sv. In addition, in the model INM-CM5 the main cell
of the AMOC reaches only 40∘ N compared to 60∘ N in other models.

Oscillations with typical periods of 25–35 and 50–70 years are distinguished in the models, which are
variations of the intensity and position of the AMOC. In all the models, the leading mode determines a con-
siderable part of the variance of low-frequency oscillations (50%, 45%, 48%, 35%, and 35% in the models
CCSM4, MPI-MR, MPI-LR, INM-CM5, and CCSM-4L, respectively) and is an oscillation of the AMOC intensity
relative to its mean state. The spectrum of oscillations in all the models is dominated by periods of 50–70 and
25–35 years. In most models the second leading low-frequency EOF is an oscillation of the AMOC length (in
the INM-CM5 model it is an oscillation of the AMOC depth).

Further we analyze the sensitivity of thermohaline circulation in the Atlantic in the considered climate
models. The analysis is based on an empirical approach, i.e., using the data of simulation of the pre-industrial
climate, we construct approximate operators of the AMOC response to density anomalies with the use of
fluctuation-dissipation relations. It is shown that the maximal response of the system relates to leading low-
frequencymodes of models and is caused by density anomalies (mainly in salinity) in the North Atlantic. The
stricture of optimal impacts changes significantly from model to model, however the similar in construction
models MPI-LR and MPI-MR have also similar structure of optimal impacts. The sensitivity of most models
to temperature and salinity anomalies on the surface is close. The exception is the INM-CM5 model whose
response to an impact of similar magnitude is 2.5–3 times weaker.
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